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Starting with the idea to describe phenomenologically the particle creation in the strong gravi-
tational fields, we introduced explicitly the particle number nonconservation (= creation law) into
the action integral with the corresponding Lagrange multiplier. Following the fundamental result
by Ya. B. Zel’dovich and A. A. Starobinsky (1977) we then postulated that the rate of particle
creation is proportional to the square of Weyl tensor. Concerning the conformal invariance, yet an-
other question arises: how the scalar field could know about the surgery made on the metric tensor
(if such an invariance is the fundamental law of Nature and not just the mathematical exercise)?
The only way is that the scalar field is itself the part of metric, namely, the conformal factor. We
showed, that such an identification results in the natural appearance of the quartic self-interaction
term in the scalar field Lagrangian, which is needed to make particle massive. And it is just quartic,
because our space-time is four-dimensional.
I. INSTEAD OF “INTRODUCTION”
• 2015 — 100 years Of the Einstein’s General Relativity [1, 2]
• 2017 — 100 years of the Cosmology [3].
• 2018 — 100 year of the Weyl geometry and Weyl Conformal Gravity [4].
II. PHENOMENOLOGY OF PARTICLE CREATION
The quantum field theory predicts the phenomenon of particle creation from the vacuum fluctuations in the presence
of the external fields. The modern cosmology based on the Friedmann‘s model of the expanding Universe [5, 6]
provides us with the strong and rapidly varying gravitational field in the vicinity of the Big Bang singularity. In
1970’s there was a big activity in studying the particle creation by the quantized scalar field on the background scalar
field on the background metric of the homogeneous and slightly anisotropic cosmological models [7–18]. Here we are
interested in two main results of these investigations. First, it is the necessity of inclusion the additional terms into
the gravitational part of the total action integral. Namely, the terms which are quadratic in Riemann curvature tensor
and its counterparts, Ricci tensor and curvature scalar. And second, the role of particle production, as was shown
by Ya. B. Zel’dovich and A. A. Starobinsky [19], is proportional to the square of Weyl tensor, the latter being the
completely traceless part of Riemann tensor. The appearance of the quadratic terms was foreseen by A. D. Sakharov
[20] in 1967 (50 years ago!). However the attempts to solve the self-consistent problem, with the account for back
reaction of the (averaged) energy-momentum tensor of the quantized scalar fields on the space-time metric encounter
serious obstacles. The matter is that in order to solve the quantum part of the problem, one needs to impose the
appropriate boundary conditions, but this would be done only after solving the gravitational equations, for which the
averaged quantum fields serve as the source. That is why we have to use some phenomenological approach. Our goal
is not only to take into account the energy-momentum tensor of the already created particles, but also the reaction of
space-time structure on the very process of the matter creation. There is a hope that this may be helpful in solving
the singularity problem by violating the energy momentum-condition.
We are using the hydrodynamical description of the particle content elaborated by J. R. Ray [21]. The details can
be found also in [22] and [23]. The convenience of chosen approach is that the particle number conservation law infers
the hydrodynamical action integral explicitly as the constraint with corresponding Lagrange multiplier λ1. And we
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2simply replace it with the particle number creation law, namely∫
λ1(nu
σ);σ
√−g dx →
∫
λ1[(nu
σ);σ − βC2]
√−g dx, (1)
where we already inserted the square of the Weyl tensor, C2, exploring the already mentioned fundamental result [19]
for the cosmological particle creation. It is quite interesting to note that the Lagrange multiplier λ1 is defined, actually,
up to the additive constant. Indeed, let us replace λ1 → λ1+γ0, γ0 = const. Then, γ0(nuσ);σ
√−g = γ0(nuσ),σ is the
full derivative which does not change the equation of motion, while the term −γ0βC2 = α0C2 is just the Lagrangian
density of the Weyl conformal gravity. And this is in spirit of the Sakharov’s idea that the gravitational field is not
fundamental, but simply the tensions of quantum vacuum fluctuations of all the matter fields.
And what about the scalar field, χ, the source of particle creation? We will choose for it the simplest possible
Lagrangian which gives the linear equations of motion (without any self-interactions),
Lscalar = 1
2
χσχ
σ − 1
2
m2χ2, χσ = χ,σ, χ
σ = gσλχλ. (2)
Note that it is not that scalar field which is to be quantized, but some its residual part, because the already created
particles are just the quanta of the genuine scalar field.
III. CONFORMAL INVARIANCE
The conformal gravity was invented by H. Weyl in 1918 [4]. Then it was recognized that it allows only massless
particle to exist, and on this ground the theory was rejected. But nowadays, such an unpleasant feature can be
“corrected” by the Brout-Englert-Higgs mechanism for the spontaneous symmetry breaking [24]. Besides, the vacuum
space-time with very high symmetry is a good candidate for the creation of the universe from “nothing” [25]. The
idea that the initial state of the universe should be conformally invariant is advocated also by R. Penrose [26, 27].
We will consider the conformal invariance as the fundamental postulate.
By the conformal transformation we will understand the space-time depending scaling of the metric tensor gµν :
ds2 = gµν(x)dx
µdxν = Ω2(x)gˆµν(x)dx
µdxν = Ω2(x)dsˆ2. (3)
The, local, conformal invariance means δStot/δΩ = 0. Therefore, we can consider the conformal factor Ω as an
additional (to gµν) dynamical variable.
It is known for a long time that, if the conformal transformation of the metric tensor (written above) is supplemented
by the transformation χˆ = Ωχ for the massless scalar field, then, by adding the term χ2R/12, to the Lagrangian (2)
with m2 = 0, one makes the latter conformal invariant (of course, up to the full derivative which is usually neglected).
In this way the Einstein-Hilbert Lagrangian (modified by the “dilaton” field) appeared in the total action integral.
Remember, that we started with the pure matter (hydrodynamical) term and demanded the particle creation law,
from which the Weyl tensor square was extracted (again the Sakharov’s idea). But, even for massless scalar field (i. e.,
when m2 = 0) one serious problem is remained and should be somehow solved. It is the problem of the common sign
in front of the curvature scalar R and the kinetic term χσχσ. Indeed, if one chooses the “correct” sign, i. e., −χ2R/12,
in order to get the attractive Einstein gravity, then the kinetic term for the scalar field appeared to be wrong, and
vice versa. Our choice is the “correct” sign for the gravity. This requires some explanation. First, we do not care
about the “correct” sign for the kinetic term, because our scalar filed χ is not the genuine (i. e., fundamental) one:
some part of it we have already “used” as the created particles. Second, the “wrong” sign is, in a sense, good since
it allows even number of particles to be created.
One more thing. We are now working in the framework of the Riemann geometry, This means that the only
fundamental geometric quantity is the metric tensor gµν , the connections Γ
λ
µν being constructed exclusively from gµν
and its derivatives (as well as the Riemann curvature tensor Rµνλσ and its contractions, Rµσ and R). All the matter
fields are considered as the gravitating sources and something external. Then, how the field χ could “know” that it
must be conformally transformed following the transformation of metric tensor? Only, if it is the part of it. For the
specific conformal factor Ω = φ one can make χˆ = φ/l, where l is some factor with the dimension of length. Then,
the scalar part of the total action takes the form (with the massive term restored)
Sscalar = − 1
l2
∫ (
1
2
φµφµ +
R
12
φ2 − Λ
6
φ4
)√
−gˆ dx, (4)
where we introduced the cosmological term Λ = 3m2. We see that there appears the self-interaction term φ4, badly
needed in order to switch on the Brout-Englert-Higgs mechanism! And the power 4 in this term is only in the case of
the four-dimensional space-time!
3IV. IN PLACE OF “CONCLUSION” AND “DISCUSSION”
First of all, we would like to pay tribute to P. I. Fomin whose paper “Gravitational instability of vacuum and the
cosmological problem”, published in 1973 [29], made him the precursor not only of the idea of the quantum birth
of the Universe (from “nothing”), but also of the “emergent” universe scenarios [30–33]. One of us (V.B) expresses
gratitude to G. Bisnovatyi-Kogan for reminding about this [34].
In 1918 Hermann Weyl introduced the the great physical idea [4]. If there exists some local transformation that
leaves the action integral (and equations of motion) invariant, then there should exist some field that propagates
the knowledge about such a transformation from one point to another, He developed this idea for electrodynamics
and much later R. Utiyama extended it on the more general, nonabelian gauge field [35]. Practically, this idea was
realized in replacing the metric connections by new ones which included in addition to the metric tensor gµν and its
derivatives, some vector (gauge) field Aµ combined with the metric tensor and Kronecker symbols. So, the geometry
is no longer Riemannian, it is called the Weyl geometry. Of course, the curvature tensor being dependent solely on
the connection, is changed (as well as the Ricci tensor and curvature scalar). And the Totla Lagrangian gets the new
term, FµνF
µν , where Fµν is the gauge invariant strength of the vector field Aµ.
The transition from the Riemann to the Weyl geometry open new possibilities for us. Now we are not forced
to identify the (residual vacuum) scalar field χ with the conformal factor. Instead, we can introduce (somehow) the
interaction of this scalar field with the new gauge field (say, by adding the term gµνAµχ,ν to the Lagrangian). But, the
our scalar field is not the only matter field, it is not exceptional at all. It looks much more logical and self-consistent
to arrange the interaction between vector field Aµ and the energy flow density E
µ, constructed from the total energy-
momentum tensor Tµν . The problem is that E
µ = T µνξν depends crucially on the world line ξ
µ of the observer. Thus
following such an idea, we would arrive at the observer-dependent theory (like quantum mechanics). Moreover, in
addition to the equation of motion one should impose the consistency conditions, i. e., that the energy-momentum
tensor entering the above mentioned term is the same as that obtained by varying the matter part of the total action
integral with respect to the metric tensor.
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